Abstract. This article presents equations for the estimation of vertical strong ground motions caused by shallow crustal earthquakes with magnitudes M w ≥ 5 and distance to the surface projection of the fault less than 100 km. These equations were derived by weighted regression analysis, used to remove observed magnitude-dependent variance, on a set of 595 strong-motion records recorded in Europe and the Middle East. Coefficients are included to model the effect of local site effects and faulting mechanism on the observed ground motions. The equations include coefficients to model the observed magnitude-dependent decay rate. The main findings of this study are that: short-period ground motions from small and moderate magnitude earthquakes decay faster than the commonly assumed 1/r, the average effect of differing faulting mechanisms is similar to that observed for horizontal motions and is not large and corresponds to factors between 0.7 (normal and odd) and 1.4 (thrust) with respect to strike-slip motions and that the average long-period amplification caused by soft soil deposits is about 2.1 over those on rock sites.
Introduction
This is a companion article to Ambraseys et al. (2004) (here called Paper 1) to provide ground motion estimation equations for vertical peak ground acceleration and spectral acceleration for 5% damping. It uses the same set of data, functional form and regression method as used in Paper 1 and therefore the equations derived here for vertical motions are consistent with those derived for horizontal motions. Only a brief description of the data, functional form and regression method are given here, so please see Paper 1 for more details.
Briefly, a set of 595 records were selected using a reasonably strict selection criteria that sought to limit the number of conversions and assumptions required to yield a uniform set of data. The records chosen all are from shallow (h ≤ 30 km) crustal earthquakes in Europe and the Middle East (mainly from Italy, Greece, Turkey and Iceland) and are reasonably well distributed in terms of moment magnitude (M w ) (Kanamori, 1977) and distance to the surface projection of rupture (d f ) (Joyner and Boore, 1981) , which are the magnitude scale and distance metric adopted, within the range 5.0 ≤ M w ≤ 7.6 and 0 ≤ d f ≤ 100 km. Recording sites are divided into four classes following Boore et al. (1993) , namely: very soft soil (L) V s,30 ≤ 180 ms −1 (11 records), soft soil (S) 180 < V s,30 ≤ 360 ms −1 (143 records), stiff soil (A) 360 < V s,30 ≤ 750 ms −1 (238 records) and rock (R) V s,30 > 750 ms −1 (203 records). Records from very soft soil sites were combined with those from soft soil sites because there are too few records from very soft soil sites to yield a robust site coefficient. Earthquakes were classified by style-of-faulting using the criteria of Frohlich and Apperson (1992) based on the plunges of the eigenvectors of the moment tensor. The distribution of records with respect to faulting mechanism is: normal (191 records), strike-slip (160 records), thrust (91 records) and odd (153 records). All records were corrected using the BAP procedure (Converse and Brady, 1992) with low cut-off frequencies chosen through an examination of signal-to-noise ratio and/or by examining the Fourier amplitude spectrum and the filtered velocity and displacement traces.
In order to model the observed effect of magnitude-dependent decay rate the adopted functional form is: log y = a 1 + a 2 M w + (a 3 + a 4 M w ) log d 2 + a 2 5 + a 6 S S +a 7 S A + a 8 F N + a 9 F T + a 10 F O
where S S = 1 for soft soil sites and 0 otherwise, S A = 1 for stiff soil sites and 0 otherwise, F N = 1 for normal faulting earthquakes and 0 otherwise, F T = 1 for thrust faulting earthquakes and 0 otherwise and F O = 1 for odd faulting earthquakes and 0 otherwise. Weighted one-stage maximum-likelihood regression was used to derive the coefficients of the ground motion estimation equations. Details of how the magnitude-dependent weighting functions were calculated are given below.
Pure error analysis
As for horizontal motions, pure error analysis (Draper and Smith, 1981, p. 33-42) was performed here in order to verify that the commonly used logarithmic transformation is justified; to investigate the magnitude-dependence of the scatter; and to assess the lower limit on the equations' standard deviations using only magnitude and distance. Exactly the same procedure was used here as was used in Paper 1.
Logarithmic transformation
As was done in Paper 1, the dataspace was divided into intervals of 0.2 magnitude units by 2 km within which the mean, η, and unbiased standard deviation, σ , of the untransformed ground motion (PGA and SA) was calculated using the maximum-likelihood method (Spudich et al., 1999 (Spudich et al., , p. 1170 . Then the coefficient of variation, V = 100σ/η, was plotted against η for PGA and each period of SA. If σ was proportional to η then these graphs should show no trend with increasing ground motion. A linear equation V = α + βη was fitted to each of these graphs. The 95% confidence intervals of α and β were computed along with the standard deviation of the equation as were the computed and critical t value for β = 0 for the 5% significance level. Like for horizontal motions (Paper 1), it was found that β is not significantly different than zero for almost all of the periods investigated because computed t is not bigger than critical t. Thus the null hypothesis that the scatter associated with measured ground motion is proportional to the amplitude of the ground motion cannot be rejected, so the logarithmic transformation is justified. For PGA and for SA at six periods (0.050-0.075 s) β was found to be significantly different than zero therefore suggesting that the logarithmic transformation is not justified for those periods. Interestingly the slope β is positive, suggesting that the scatter increases with increasing ground motion amplitude, which has never been suggested before. Therefore, like for horizontal motions, it was decided to apply the logarithmic transformation for the entire period range.
Dependence of scatter on magnitude
Like for horizontal motions, the derived standard deviations of each bin were plotted against M w and best-fit lines derived. The slopes of these lines were then tested to see if they were significant at the 5% level. It was found that for certain periods (0.15-0.40, 0.60-0.65, 0.75 and 0.85 ) the slopes of the derived lines were significantly different than zero. Consequently, these derived functions were used as weighting functions for the regression analysis, as was done in Paper 1.
The magnitude-dependency of scatter in vertical ground motions is less pronounced than it is for horizontal motions (as shown by the scatter for fewer periods displaying a significant slope than for horizontal motions). This suggests that different physical processes may be controlling the magnitude-dependence of the scatter for horizontal and vertical motions. For example, the effect of non-linear soil behaviour in limiting ground motion amplitudes, which has been suggested as one possible cause of magnitudedependent uncertainty (Youngs et al., 1995) , may be to be less important for vertical motions than for horizontal motions (e.g. Bommer et al., 2004) . 2.3. Lower limit on standard deviations possible using only magnitude and distance
Pure error analysis was also used to assess the lowest standard deviations possible for the derived equations. They were found to be in the range 0.21-0.28. Lower standard deviations than these should not be expected.
Results
Equations were derived for the estimation of peak ground acceleration and spectral acceleration for 5% critical damping ratio and for 61 periods between 0.05 s (20 Hz) and 2.5 s (0.4 Hz) using the Caltech spacing (Brady et al., 1973) . The coefficients, associated standard deviations and the number of records, earthquakes and stations used to derive each equation are reported in Table I . The non-significant coefficients are highlighted in Table I although these coefficients should not be dropped when computing ground motion estimates. As for horizontal motions no smoothing of the coefficients was attempted. Figure 1 shows the decay of estimated vertical peak ground acceleration and spectral acceleration at 1 s natural period with distance for M w = 5, 6 and 7 strike-slip earthquakes at a rock site. This figure shows the effect of the magnitude-dependent decay rate for short-period ground motions (e.g. peak ground acceleration) and magnitude-independent decay rate for longperiod ground motions (e.g. spectral acceleration at 1 s). The dependence of the decay rate on magnitude is less for vertical motions than it is for horizontal motions. For example, the magnitude-dependent decay coefficient, a 4 , for horizontal PGA is 0.314 whereas for vertical PGA it is 0.206. Figure 2 shows the estimated vertical response spectra for M w = 5, 6 and 7 strike-slip earthquakes at 10 and at 100 km at a rock site. This figure shows the effect of the magnitude-dependent decay rate because at nearsource distances the effect of magnitude on the spectral accelerations is less than at large source-to-site distances. Table I . Derived coefficients for the estimation of vertical peak ground acceleration and response spectral acceleration for 5% damping. a 1 -a 10 are the derived coefficients (italics signify a non-significant coefficient at the 5% level), earthquakes, F R:SS , derived in this study to those in the literature. Unlike horizontal PGA and SA, there are few estimates of F R:SS in the literature. F R:SS derived here is only significantly different than one at the 5% level for the periods 0.24, 0.38-0.40 and 0.60-1.00 s. Figure 3 shows that the factor derived here matches closely to those derived previously and corresponds to a maximum factor of about 1.4, which is higher than the factor derived for horizontal motions, which had a maximum of about 1.3. Figure 4 shows the derived ratios of spectral accelerations caused by normal faulting earthquakes and from earthquakes whose mechanism is defined as odd to those from strike-slip earthquakes, F N:SS and F O:SS , respectively. F N:SS is only significantly different than one at the 5% level for periods shorter than 0.14 s and for 1.60 s and F O:SS is only significantly different than one at the 5% level for the period range 0.11-0.12 s. Figure 4 shows that there is evidence for smaller short-period ground motions from normal faulting earthquakes than strike-slip earthquakes (factor of about 0.7) but that for most periods the amplitudes of ground motions from normal and strike-slip earthquakes are similar. For long periods, ground motion amplitudes from normal faulting earthquakes are higher than those from strike-slip earthquakes. Figure 4 also shows that long-period spectral accelerations from earthquakes classified as odd are lower (factor of about 0.9) than those from strike-slip earthquakes but note that this observed difference in ground motions is not significant at almost all periods. Figure 4 . Ratios of vertical spectral accelerations from normal faulting earthquakes and earthquakes whose mechanism is defined as odd to those from strike-slip faulting earthquakes. Figure 5 shows a comparison between the local site amplification factors for soft soil sites and stiff soil sites derived in this study and those derived in some previous studies. F softsoil:rock is significant for almost all periods and gives an average amplification over rock motions of about 2.1 at about 1.5 s, which is much higher than the amplifications derived by other studies. F stiffsoil:rock is significant for most periods longer than 0.15 s and reaches a maximum amplification of about 1.5 at 1.5 s, which is lower than those by Campbell and Bozorgnia (2003) and higher than those by Ambraseys and Simpson (1996) and Lussou et al. (2001) .
Effect of faulting mechanism

Effect of local site conditions
Comparisons to previous equations
The estimated ground motions from the equations derived in this study were compared with Ambraseys and Simpson (1996) and Campbell and Bozorgnia (2003) . Ambraseys and Simpson (1996) used M s rather than M w , hence a conversion needs to be undertaken; this was done using the equations of Ekström and Dziewonski (1988) . Campbell and Bozorgnia (2003) use seismogenic distance rather than distance to the surface projection of the fault and consequently a conversion needs to be applied. The comparison was made for a vertical strike-slip fault with a non-seismogenic layer of 3 km thickness at the top of the crust. Figure 6 shows that the estimated response spectra from the equations derived here match the estimated response spectra given by the equations of Ambraseys and Simpson (1996) for moderate and large magnitudes at all distances covered by the equations. Whereas the estimated response spectra given by the new equations for small magnitudes are above the spectra given by Ambraseys and Simpson (1996) for short distances and below for long distances. This is because the equations of Ambraseys and Simpson (1996) assumed a magnitude-independent decay rate that, due to the distribution of data (most records from long distances are from moderate and large magnitude earthquakes), corresponds to the decay rate of large earthquakes. The equations presented here predict a much faster decay rate for small earthquakes (−1.458 compared to −0.954 for PGA from a M w = 5 earthquake) and consequently the estimated ground motions from small earthquakes at large distances are lower than those predicted by Ambraseys and Simpson (1996) . This suggests that small earthquakes at large distances are less important than would be assumed by using the equations of Ambraseys and Simpson (1996) . Figure 7 shows that the ground motion estimates from the equations presented here match those given by the equations of Campbell and Bozorgnia (2003) for the magnitudes and distances considered here except at large distances from small earthquakes, again since Campbell and Bozorgnia (2003) had little data from such magnitudes and distances in their construction set. Figure 5 . Comparison of estimated ratio of vertical peak ground acceleration and response spectral amplitudes for ground motions on: (a) soft soil sites and hard rock sites and on: (b) stiff soil sites and hard rock sites, for three recent equations to estimate strong ground motions. Soft soil sites were assumed to have an average shear-wave velocity in the top 30 m of 310 ms −1 and hence be within category S (180 < V s,30 ≤ 360 ms −1 ) of Ambraseys and Simpson (1996) and category C (200 < V s,30 ≤ 400 ms −1 ) of Lussou et al. (2001) and for the equations of Campbell and Bozorgnia (2003) S VFS = 0.25, S SR = 0 and S FR = 0 as suggested by Table 5 of Campbell and Bozorgnia (2003) . Stiff soil sites were assumed to have an average shear-wave velocity in the top 30 m of 420 ms −1 and hence be within category A (360 < V s,30 ≤ 750 ms −1 ) of Ambraseys and Simpson (1996) and category B (400 < V s,30 ≤ 800 ms −1 ) of Lussou et al. (2001) and for the equations of Campbell and Bozorgnia (2003) S VFS = 0, S SR = 1 and S FR = 0 as suggested by Table 5 of Campbell and Bozorgnia (2003) . Hard rock sites were assumed to have an average shear-wave velocity in the top 30 m of 800 ms −1 and hence be within category R (V s,30 > 750 ms −1 ) of Ambraseys and Simpson (1996) and category A (V s,30 > 800 ms −1 ) of Lussou et al. (2001) and for the equations of Campbell and Bozorgnia (2003) S VFS = 0, S SR = 0 and S FR = 1 as suggested by Table 5 of Campbell and Bozorgnia (2003) . A seismogenic distance of 10.4 km and a magnitude of M w = 6.5 was used to compute the ratios for the equations of Campbell and Bozorgnia (2003) ; all the other ratios are independent of distance and magnitude. Figure 6 . Comparison of the estimated median response spectra given by the equations presented here for strike-slip faulting (thick lines) and those presented by Ambraseys and Simpson (1996) Table I gives the median amplification factor (computed by taking the antilogarithm of the mean residuals for that station) over the median ground motion estimates for the strong-motion stations that have recorded five or more earthquakes. It shows that for some stations there is a considerable local site amplification. For example, like for horizontal motions the stations at Nocera Umbra show an amplification factor of up to 3.14 at a natural period of 0.2 s. Another station that shows considerable amplification is Gubbio-Piana, which has a median amplification of 11.51 at a natural period of 2 s. This station is in a sedimentary basin, which amplifies the long-period ground motions. Records from this station often show clear surface waves. One station that shows considerably lower than expected short-period spectral accelerations is Yarimca-Petkim, which also shows lower horizontal motions (see Paper 1). Table II gives the median amplification factor for the ten best recorded earthquakes. It shows that most earthquakes do not show a significant deviation from the median (most factors are about one). Like for horizontal motions, there is evidence that the ground motions from the Umbria Marche sequence are higher than would be expected for such sized earthquakes. Also, as for horizontal motions, this analysis suggests that ground motions recorded during the Düzce (12/11/1999) earthquake are lower than would be expected from such an earthquake. Figure 8 shows graphs of the normalised residuals against M w and distance for PGA and spectral acceleration at 1 s natural period. All the residual plots examined show no obvious dependence of the scatter on magnitude or distance. The apparent constant bias in the residual plot for spectral acceleration at 1 s natural period is common to all graphs of residuals for long-period motions. It is caused by the use of the maximum- likelihood regression method since it splits the error into intra-and interearthquake portions.
Residuals
Conclusion
This article presents equations for the estimation of vertical peak ground acceleration and spectral acceleration for 5% damping for periods between 0.05 and 2.5 s. Since the equations presented here were derived using an identical set of records and method to those derived in Paper 1 for horizontal motions the equations are mutually consistent and therefore can be used to investigate the relationship between vertical and horizontal response spectra (e.g. Campbell and Bozorgnia, 2003) .
The main conclusions of this article are similar to those for horizontal motions given in Paper 1. It has been found that the equations derived here predict similar spectral accelerations to commonly-used equations for moderate and large magnitudes but that the new equations predict lower ground motions from small earthquakes at large distances. Therefore, the use of the equations presented here will reduce the importance of ground motions from small earthquakes at large distances in seismic hazard analysis. The effect of local site conditions in the new equations is greater than that found in many previous studies, e.g. the estimated average amplification at soft soil sites at long-periods is about 2.1 over that recorded at rock sites. The new equations also include factors to model the difference in ground motions between different earthquakes with different faulting mechanisms. Average intermediate-period vertical ground motions from thrust/reverse faulting earthquakes are up to 1.4 times higher than those from strike-slip earthquakes. Short-period vertical ground motions from normal faulting earthquakes are about 0.8 those from strike-slip earthquakes. As for the equations for horizontal motions the associated standard deviations are not significantly less than in previous studies, again highlighting the need to include more independent variables into empirical ground motion estimation equations.
